The light emission associated with strong bubble collapse in an external sound field is called sonoluminescence ͑SL͒.
Since the work of Marinesco and Trillat ͓1͔, it has been investigated by many authors ͑see the review by Walton and Reynolds ͓2͔͒. This type of sonoluminescence is now called multibubble sonoluminescence ͑MBSL͒ and generically occurs in acoustic cavitation ͓3-5͔ and sonochemistry ͓6-8͔. The interest in SL was restimulated by the elaborate experiments of Gaitan et al. ͓9͔ , who investigated SL of a single bubble in water trapped by a strong acoustic standing-wave field. This phenomenon is called single bubble sonoluminescence ͑SBSL͒ and was subsequently studied in a number of papers ͓10͔.
A prerequisite for SBSL are oscillating bubbles that remain stable in the presence of strong sound fields. Stability theories have been presented ͑taking into account rectified diffusion͒ that provide explanations for the existence of small, stably oscillating bubbles that have been observed in experiments on SBSL ͓11͔. However, the source of the instability of SBSL occurring at even larger pressure amplitudes has not been totally clarified yet. The most popular idea presented until now considers the onset of surface oscillations to be the main mechanism leading to an instability of the bubble at the pressure antinode ͓12,13͔. However, no theory exists connecting surface oscillation instability with trapping instability. Trapping is caused by the primary Bjerknes force and is a combined effect of the sound field and ͑nonlinear͒ bubble oscillations. In this paper we investigate the influence of the primary Bjerknes force on the positional stability of a single nonlinearly oscillating bubble in the vicinity of the pressure antinode of the levitating and driving sound field.
A body of volume V in a liquid under a pressure gradient ٌp experiences a force FϭϪVٌp. If these quantities vary periodically in time or are fluctuating fast, the net force on the body is the time average of F. The net radiation force acting on a spherical bubble in a standing-wave sound field is called the primary Bjerknes force F B ͓3,14͔ and equals
where ͗•••͘ denotes the time averaging over a period of the acoustic field. For a quantitative investigation of the primary Bjerknes force acting on a bubble in a strong acoustic field we consider the problem in spherically symmetric geometry in a compressible liquid with forced radial excitation, i.e., a spherical bubble trap. The pressure distribution of the first radial mode, as a solution of the linear wave equation in spherical geometry, may be written in the following way:
Here p 0 is the initial uniform ͑atmospheric͒ pressure, p a (t)ϭϪP a sint is the acoustic pressure in the center of the spherical volume with amplitude P a , r is the radial coordinate, and kϭ/C l are the frequency and the wave number of the acoustic field, and C l is the speed of sound in the liquid. We will consider the behavior of a bubble in the close vicinity of the pressure antinode where the following approximation of the pressure distribution Eq. ͑2͒ may be used:
͑3͒
Computing the pressure gradient from Eq. ͑3͒ results in
and the primary Bjerknes force Eq. ͑1͒ equals
Close to the vicinity of the pressure antinode the primary Bjerknes force acts as a linear spring, and the ''stiffness coefficient'' f B of this spring may change its sign. If
͗R
For P a Ӷp 0 the bubble radius R(t) oscillates as a harmonic oscillator. When plotting the ratio R max /R 0 vs the equilibrium radius R 0 a maximum occurs at the Minnaert resonance radius
for a given frequency , density of the liquid , and polytropic exponent ͓15͔. It may be shown analytically ͓2,3͔ that a bubble of less than this linear resonance size oscillates out of phase with the sound field ͑that means during the positive driving pressure a reduction of the bubble volume occurs͒ and bubbles larger than resonance size oscillate in phase. Therefore bubbles of equilibrium radius R 0 ϽR M experience a negative Bjerknes force ( f B Ͻ0) and move towards the pressure antinode, and bubbles with R 0 ϾR M experience positive F B and drift in direction to the pressure node.
The theory for weakly nonlinear oscillations gives a good description of the motion of bubbles in a weak stationary sound field due to the primary Bjerknes force ͓2,3,14,16-20͔. Generally speaking the change of the sign of the primary Bjerknes force is closely correlated with the response curves that describe the dependence of the maximum size and the phase of bubble oscillations on the equilibrium radius of the bubble. Near the resonance radius the phase of the bubble oscillation changes rapidly yielding a change of the sign of the primary Bjerknes force. Because of this change in phase, linear theory predicts that all bubbles with R 0 ϽR M are always trapped at the pressure antinode. However, in experiments on acoustic cavitation and SBSL only bubbles that are much smaller than linear resonance size have been observed (R 0 Ϸ1 m, R M Ϸ100 m, Ϸ2ϫ20 kHz͒. Recently ͓11͔ it was shown that for very small bubbles in very strong sound fields a nonlinear resonancelike behavior of the bubbles occurs that is based on the strong influence of the surface tension on the dynamics of small bubbles. In particular, it was found that this nonlinear resonance is responsible for the strongly nonmonotonous dependence of the rectified diffusion growth rate on the equilibrium bubble radius. As a consequence, these results have provided an explanation for the existence of small stably oscillating bubbles that have been observed in experiments on SL. In the following, we investigate the primary Bjerknes force acting on a small strongly nonlinear oscillating bubble in the case of this resonance, which occurs for R 0 far less than R M .
The results given in the following figures have been computed using the Keller-Miksis model ͓21͔: Plotted is one period Tϭ2/ of the oscillation for a pressure amplitude of P a ϭ1.8 bar. Sound field pressure p a (t) vs t/T ͑a͒ and normalized bubble radius R(t)/R 0 vs normalized time t/T for R 0 ϭ0.5m ͑b͒, R 0 ϭ1 m ͑c͒, and R 0 ϭ5 m ͑d͒. For ͑b͒ and ͑c͒ the primary Bjerknes force is attracting and for ͑d͒ repulsive.
C l ϭ1500 m/s, and a driving frequency of ϭ2ϫ20 kHz. Qualitatively the same results have been obtained for the Gilmore model ͓22͔. Figure 1͑a͒ shows response curves for different values of the pressure amplitude P a . The ''stiffness coefficient'' f B of the primary Bjerknes force, Eq. ͑5͒, was calculated numerically for different equilibrium radii R 0 and different pressure amplitudes P a . The results are shown in Fig. 1͑b͒ . For very small R 0 ͑before the resonance response occurs͒ the Bjerknes force is very small and negative ͓ f B Ͻ0, see inset in Fig.  1͑b͔͒ . When increasing the equilibrium radius the response of the bubble increases rapidly leading to a strong amplification of the Bjerknes force. For medium P a the coefficient of the Bjerknes force f B depends on R 0 monotonically, but for P a Ͼ1.65 bars the quantity f B starts to depend on R 0 nonmonotonically and for certain values of R 0 ϭR 0 crit ( P a ) the Bjerknes force changes sign and becomes repulsive. This means that for very strong amplitudes of the acoustic field only very small bubbles ͓R 0 ϽR 0 crit ( P a )͔ are trapped in the pressure antinode. The larger bubbles will be repelled because their position in the center of the flask becomes unstable. This positional instability cannot be predicted by the analysis of linear bubble oscillations, because the equilibrium radius R 0 is smaller than R M .
To understand the reason for this change in sign of the Bjerknes force, in Figs. 2͑b͒-2͑d͒ a single cycle of a typical bubble oscillation is presented for different equilibrium radii R 0 . Figure 2͑a͒ shows the driving pressure of the external sound field, p a (t)ϭϪP a sin(t), at the center of the bubble trap for P a ϭ1.8 bars. It can be seen that for very small bubbles ͓Fig. 2͑b͔͒ the surface tension pressure P ϭ2/R 0 is very high and the bubbles behave like flexible particles oscillating nearly sinusoidally out of phase with the driving pressure. Therefore ͑as mentioned above͒ it follows from linear theory that the sign of the Bjerknes force is negative (R 0 ϭ0.5 m, f B ϭϪ6ϫ10 Ϫ5 N/m͒. For larger bubbles they start to oscillate differently: the expansion grows enormously. By that, the magnitude of the Bjerknes force increases 10 6 times ͑because R max increases 100 times͒, but it is still attractive to the center of the flask. This case is shown in Fig. 2͑c͒ (R 0 ϭ1m, f B ϭϪ16 N/m͒. By further increasing R 0 the magnitude and sign of the Bjerknes force depend on the phase of the bubble collapse relative to the phase of the driving pressure. It can be seen in Fig. 2͑d͒ (R 0 ϭ5m, f B ϭ9.6 N/m͒ that, when increasing the equilibrium radius, the instant of the bubble collapse moves constantly deeper into the compression part of the driving period ͓see Fig. 2͑c͔͒ . This leads to a change in sign of the Bjerknes force at some threshold value of the equilibrium radius, R 0 crit . In Fig. 3 this threshold value R 0 crit of the equilibrium bubble radius is shown versus the pressure amplitude P a . For sufficiently low pressure amplitude all small bubbles are trapped in the pressure antinode. At higher pressures P a a ͑small͒ critical equilibrium radius R 0 crit ( P a ) exists such that all bubbles with R 0 ϾR 0 crit ( P a ) will be repelled from the center of the flask.
For lower pressure amplitudes P a than given in Fig. 3 the curve R 0 crit ( P a ) no longer stays monotonous but attains a very complicated shape with bends and folds according to the nonlinear resonances of the different bubbles. In this region of the parameter space the dependence of R 0 crit on P a cannot be described anymore by a single curve due to the occurrence of coexisting attractors governing the driven bubble oscillations that even may become chaotic ͓23͔. A detailed account of this complex stability structure is beyond the scope of this paper and will be given elsewhere.
The investigations presented in this Brief Report have shown that the critical radius where the Bjerknes force changes its sign is shifted towards smaller radii in the case of strongly nonlinear oscillations due to very high sound field amplitudes. In the context of SBSL this effect may lead to a selection mechanism where only sufficiently small bubbles can be trapped at the pressure antinode of the experimental setup ͑flask͒. On the other hand, such small bubbles either dissolve or become unstable due to rectified diffusion if the amplitude of the sound field is sufficiently high. The bubbles grow to a new larger value where they are stable from the diffusion point of view ͓11͔ but are repelled from the center due to the primary Bjerknes force.
Therefore, no bubbles can be trapped stably by the action of the primary Bjerknes force alone, when a certain threshold of the pressure amplitude is exceeded regardless of other effects that may lead to separate thresholds, e.g., surface oscillations. An upper pressure threshold indeed is observed in experiments on SBSL ͓9͔ and is usually interpreted in terms of unstable surface oscillations ͓12,13͔. However, it should be noted that the stability threshold for surface oscillations obviously is not synonymous with a trapping threshold. Experiments show that bubbles stay trapped at pressure values above the theoretically predicted ones for the onset of surface oscillations. This is to be expected because a bubble destroyed by surface oscillations necessarily ends up in a number of smaller bubbles that, individually looked at, should either dissolve or grow again due to rectified diffusion, but stay trapped. Only a very involved theory considering the interaction of small bubble clusters could give a real estimate of a trapping threshold due to surface oscillations.
The trapping threshold due to primary Bjerknes forces as presented here is, to our knowledge, larger than observed so far in experiments. Besides the idea of surface oscillations ͑where there exists no final theory yet͒ a number of other reasons can be put forward to account for a lower threshold than given by the primary Bjerknes force for nonlinearly oscillating bubbles. The bubble emits shock waves that are reflected from the walls of the container. Experiments are done in cylindrical and spherical flasks that exhibit different focusing properties after reflection at the walls. Thus the driving is not purely sinusoidal as assumed in the theoretical model. And it may not be spherically symmetric either. Thus the threshold may be increased by careful experimentation. But according to our theory, it cannot be increased beyond the absolute limit given in Fig. 3 .
The nonlinear features of the primary Bjerknes force presented in this Brief Report are not only significant for understanding experiments on sonoluminescence. They are also important for structure formation processes that occur in strong acoustic fields and lead to complex filamentary bubble clusters ͓24͔.
Note added. Recently we became aware through L.A. Crum of the work of S.M. Cordry addressing the same problem: Bjerknes Forces and Temperature Effects in Single Bubble Sonoluminescence, Ph.D. thesis, University of Mississippi, 1995 This work was supported by the Projektträgerschaft Internationales Büro ͑Contract X222.31͒, the Ministry for Science, Higher Education and Technical Policy of the Russian Federation and the State Committee of the Russian Federation for Higher Education.
